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Abstract Original Article:

Manufacturing and service organizations make use of the queuing theory, not
only to reduce the waiting time of their customers for optimal decision-making ... o4 2018-//-27
while determining the level of resources required for investment but also to  Rayised 2079-04.20
meet the customers’ satisfaction as much as possible. This is particularly  accepted 20790505
important in the economic sustainability of companies in competitive

environments. In most cases, companies face some troubles in determining the  Keywords:
number of staffs. In this regard, the current study proposes different solutions Queuing theory;
to different potential problems. These solutions include the use of the Service providers;
coefficient of productivity, Markov systems, non-Markov systems and COefficient of
simulation tools. All the solutions presented in this paper have been used in a ‘;;Zfig\t/':'zgms_
case study for a company in the service sector. The results show that our system Simulatio)r/L '
can respond to the customers using five service providers such that customers

would stay in the system less than or equal to one day. The results are also

relatively close to each other which indicate that we can use each of these

solutions to determine the number of service providers.

1. Introduction

Although waiting in line is unpleasant; unfortunately, it is an inevitable reality of life. People
face a variety of queues in their daily life that lead to loss of time, energy, and money.
Eliminating the unfavorable consequences of waiting in a queue is not possible without
knowing the characteristics of this phenomenon. Queuing theory deals with the study of queues
from a mathematical point of view, studies the effects of constituting factors of the queue, and
the logical methods to reduce waiting time. Although a queue cannot be eliminated, the wastes
resulting from it can be reduced as much as possible.

Most of the organizations act based on either traditional or decision-making methods to
determine the number of needed staffs. The first one, due to the non-scientific nature and the
second one because of its approximate nature are not suitable for this purpose. Currently, the
queuing theory as a valuable tool is applied in various professions. In this research, we
introduce four methods of queuing theory for determining the number of personnel and we
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indicate that queuing theory can be used as a scientific and reliable method to determine the
number of staff. Finally, we make a case example for all presented solutions.

One of the main activities of service managers is to determine the number of personnel
and resources in such a way that neither any part of the organization end up unemployed nor
customers spend too much time in queues before receiving services, considering customers
may leave organizations because of long queues. The purpose of this research is to offer
different solutions for determining the number of personnel in organizations using queuing
theory.

Among various optimization problems and with exact or approximation methods
(Tirkolaee et al., 2019; Goli et al., 2019), the queuing theory methodology is known an
appropriate approach for modeling complex systems. In the literature, there are different
application of this approach for problems, such as: healthcare systems (Malmir et al., 2016;
Jahantigh et al., 2016; Aghighi and Malmir, 2016), customer relationship management
(Tabandeh and Bastan, 2014), and Quality Control systems (Hashemian et. al., 2016).

Queuing theory has originated from a Danish engineer, Erlang, who studied the factors
and relationships in the telephone system by testing increasing and decreasing demand
(Abramowitz and Stegun, 1965). Eight years later, he published detailed studies on automation
of telephone system, and the results of existent relationships that was the basis of his queuing
theory. At the end of World War |1, he developed quickly the usage of queuing models in the
public and business domains (Gross, 2008).

Antoniol et al. (2004) conducted a study in which they presented queuing theory and
stochastic simulation as a useful means to assess staff, evaluate the service level and review
the probable deadline for the project. It was discovered later that it provides an efficient tool
for managers provided that it is complemented by other managerial tools. It can also be used
in order to prioritize activities, prevent conflicts and check the availability of the resources
used. Lan et al. (2005) addressed the optimal allocation of human resources with limited server
and finite capacity of the queue at a food store. They not only have presented the mathematical
model for the queuing theory with limited server and finite capacity of queue, but also have
reviewed an objective function considering the mental attitude of customers leaving, and
finally, they proposed a step by step algorithm to optimize human resource allocation.

Fomundam and Herrmann (2007) introduced a wide range of queuing theory results in
multiple fields, e.g., waiting time, utilization analysis, system design and appointment system,
which are implemented at various scales, including individual group (unit), health care sector,
and the regional health care systems.

In contrast to the conventional thinking which Physicians’ time is more valuable than the
patient’s time, Mardiah and Basri (2013) examined the time of both groups as equally
significant. The results of this research developed a good strategy for improving the
appointment system in such a way that the resources and capacity of the hospital will
efficiently.

Ameh et al. (2013) examined the level of patients’ satisfaction in a Nigerian hospital using
queuing theory. The results of their research showed that patients who are less than an hour
waiting in line, are more satisfied so they suggest that the hospital would increase customer
satisfaction through increasing the number of physicians.
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Since the phenomenon of waiting in line is an unenjoyable experience for customers, and
this phenomenon can also be costly for service organizations, one of the main activities of the
managers is reducing the waiting time of customers in the service queue. In this research, we
want to determine the number of service personnel required to engage in a service organization
using the concepts from queuing theory, so that the customers’ waiting time in the queue would
not exceed the standard value. To determine the number of service personnel, organizations are
often faced with the problem of lack of information, and also determining the type of queuing
system is often difficult for them. In this study, we examine four different solutions to
determine the number of servers. The first method, namely the coefficient of productivity can
be used when the type of the system is not clear and the only information available to us is the
arrival rate and service rate. The second approach which is the Markov systems can be used
when the system is fully recognized to us and we have all the required information available.
The third method which is the non-Markov systems can be used when we are relatively aware
of the type of the system. For example, we know that the arrival rate follows Poisson process,
but we are not sure what type of process the service rate follows. The fourth method namely
simulation can be used in most cases and usually when the system is large. This last method
can provide more reliable answers in complicated systems.

2. Model

Queuing theory is one of the oldest and most developed techniques used in the analysis of
waiting lines. Queue, in its simplest form, is where the recipient of the service waits until his
turn and the queuing theory is associated primarily with systems in which customer's arrival is
random as well as serving them. Queuing systems can be studied with respect to their two main
features; customer arrival rate to system and customer exit from the system (Russell and Taylor,
2003). In general, a queuing system can be shown schematically as Figure 1.

Service
—> 0000 —— vitities |00 O ——
Customers enter possibilities
/ Customers leave after
Disappointed Customers leave. receiving service

Fig. 1. Schematic diagram of a Queue process.

According to Jacobs et al. (2004) a queuing system essentially consists of three

components:

1. The population of clients entered to the system that can be considered infinite or finite.

2. The service provider system that includes the queue and several servers. The queue length,
the number of queues and queue laws are some of the features of waiting queue.

3. The exit status of the customers meaning whether the recipients of service will return to the
community or not.

In the literature on queuing theory and queuing systems, the queuing system is considered
as a static system in which the rate of customer arrival and providing service in the system is
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constant over time. These assumptions can be largely unrealistic, as depending on the length

of the queue and the work pressure, the rate of service can change over time.

To measure the performance of a queuing system, evaluation criteria are mainly based on
the following three variables formulated through equations:

1. The queue length: the number of customers in the queue waiting for service or the number
of customers in the system.

2. The waiting time for each customer in queue or system. It should be noted that the waiting
time in the system is the sum of waiting time in the queue and the time of customers wait
for receiving the service.

3. The percentage of time that the system is idle due to lack of customer (or the percentage of
time that the system is working).

We should bear in mind that in most systems, these variables have a random nature.
Consequently, the evaluation criteria of the system are generally the expected value of these
random variables. It should be noted that other criteria could also be used if needed. In this
study, we examine the waiting time or average time of customer’s presence in the system so
that accordingly, we could determine the number of service providers.

The required evaluation criteria of a system in long-term using the Little Law are obtained
as follows. These equations that are particularly important in queuing theory are true about all
types of queuing systems:

L =AW 1)
L, =AW, 2)
1
W=W +=
ot P (3)

3. Determining the Number of Service Providers

To measure the performance of a queuing system, evaluation criteria are mainly based on the
following three variables: In this study, we consider the number of customers in the system as
the system state, and therefore, we want to specify the number of servers in such a way that the
waiting time in the system reaches a certain level. We can use four different solutions to do
this as follows.

3.1. Coefficient of Productivity

A system is in a stable state when # <1 and the p value can be obtained from equation (4).
Now, we want to use the waiting time for deciding about the system. If we want to reduce the
waiting time and reach the specified level, we should increase the number of servers, i.e. W < x
.Then we calculated the Lq value of a system that represents whole community which in this
research can be obtained by Eq. (5), then the W value that we are looking for can be obtained
from Eqgs. (2)-(3).
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2
L=t P (5)
2r 1-p

Since A and x values (u per server) are constant, the W value can be decreased as much
as x unit or less by determining the L, for different values of m.

3.2. Markov Systems

In this method, we must detect the type of queuing system that in this research isM /E, /m,

then using the equation of the average time spent in the system in long-term (W), it can be
obtained for different amounts of m and whenever W was less than the requested amount, the
number of servers is optimal.

For example, inthe M / E, /1 system, the W, value can be obtained from equation (6).

_r+1 A

W x
o2r u(u—-A)

(6)

3.3. Non-Markov Systems

In this method, we calculate the W value for different m values in the G/ G/ mqueuing system,
and whenever W value was less than the determined amount, it has reached the optimal
solution.

For example, the equations for the M /G /m queuing system can be written as follows:
rmt [)LZVar(s) + r2]

2(m —~1)1(m >[Z,+(m_1y(m_J

q =

()

= (8)

where W, value can be calculated from Eq. (2) and then the W value can be calculated

using the equation (3).
3.4. Simulation

Usually, if a system could be modeled mathematically, it will not be simulated, but when the
system is complex and includes a lot of interactive elements, mathematical analysis of the
system may be beyond the abilities of the analyst. However, since simulation is able to analyze
such a system, complexity is not an unsolvable issue. So, the most important benefit of
simulation is that it can be used for a wide variety of problems, including complex systems
which their mathematical modeling is not suitable, and also where successful construction of a
simulation model requires less experience in mathematics and probability theory than the
knowledge required for a similar analysis by mathematical modeling. Thus, the ease of using
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simulation can be considered as one of the positive points that can also be detrimental in some
situations, i.e., some researchers prefer using simulation even where mathematical techniques
are easy to use. The significant problem of using the simulation for system analysis is the
inherent computational costs associated with the long-term use of a computer.

For a queuing system simulation, we draw the general flowchart (Figure 2) and then
determine the target value using the existent information. For example, in this study, we have
the data of customer arrival and service rates and we want to determine the number of servers
in such a way that the customers’ presence in the system is less than or equal to one day.

A customer enters

Service rate is determined Based on the customer
type and the number of serving providers.

Average time spent on the
client system to be determined

No

|

Adding a server

Customertype
is determined

Yes

Less than

or equal to
Standard

time

l

Specifying the number of servers

v

Printing results

Fig. 2. Simulation flowchart.
4. Case Study

In this paper, we study an engineering services company that is involved in the testing of
petroleum products. We are going to determine the number of testing personnel in such a way
that the answer of each sample be determined and sent within a period of one day after
delivering samples to a lab (Given that the samples are petroleum products and hence highly
flammable, Therefore, the answering time, whether approval or disapproval, should not take
more than two days, assuming that delivering the sample to the laboratory usually take a day).
Testing each sample, from beginning to end should only be performed by an examiner to have
traceability in case of an event. The incoming samples to the company are composed of
different types including foots oil and furfural, pitch, other oils, paraffin, solvents, lubricants,
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etc. generally the incoming samples can be categorized, based on the different stages of the
test, into 6 different groups. The useful working hours per day is 5 hours and 26 days per month.
Incoming samples to the lab follow the Poisson process with an arrival rate of 57 samples per
month, the number of samples in each group is presented in Table 1. Response time and the
number of test stages of each group of samples are presented in Table 2. According to Table 2,
in this case study, we deal with six different queuing systems that are given in Table 3. Now,
to determine the number of servers, we use four different methods mentioned above:

Table 1. Number of samples of each group.

Number Incoming samples Size
1 foots oil and furfural 8
2 Pitch 4
3 Paraffin, motor oil, base oil, gear oil, etc. 31
4 Gasoline, Paint thinner, solvents, hydrocarbons, etc. | 9
5 Grease 2
6 Ethylene glycol 3

Table 2. Number of the test stages and response time of samples.

Number Incoming samples Number of test stages Response time of a sample
(in minutes)
1 foots oil and furfural 3 140
2 Pitch 1 10
3 Paraffin, motor oil, base oil, gear 9 410
oil, etc.
4 Gasoline, Paint thinner, solvents, 6 250
hydrocarbons, etc.
5 Grease 6 290
6 Ethylene glycol 6 190

Table 3. Queuing systems existing in the lab.

Number Incoming samples Types of queuing systems
1 foots oil and furfural M/ E3 /m
2 Pitch M/E,/morM /M /m
3 Paraffin, motor oil, base oil, gear oil, etc. M /E9 /m
4 Gasoline, Paint thinner, solvents, hydrocarbons, etc. M/ Ee /m
5 Grease M/E,/m
6 Ethylene glycol M/ Eq /m
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4.1. Using the Coefficient of Productivity

sample=2.19 sample 9)

month day

A =57

The u value will vary for each type of sample, so that the average value per server is equal
to:

sample (10)
day

u=11

As a result, the coefficient of productivity is equal to:

p:i:m=1:p=%:p=1.99>l (1)

Mg

Because with a service provider, the system isn't in the stable state, we don't continue the
calculations for a service provider and checking system with two servers.

. 12
m= :>p=£:>p=099<1 (12)
2(L.1)
2 2 13
ko pt o 146 099 058x98— L —5684 (13)
T or 1-p 9 2(6) 1-099 ¢ 4
14
qu%Lq:qu 119x56.84:>Wq:25.59 (14)
(15)

W =W, +£:>W =25.59+i:>W =26.49
7] 11

The waiting time is longer than the specified time, so check the waiting time with 3 servers:

. 16
m:3:>p:£:>p:0.66<1 (16)
3(L.1)

2 2 17
_rr et ) 146 066 . 058x126—L =073 a7)

T or 1-p ' 2(6) 1-066 “
1
W, =%Lq =W, = 219><0.73:>wq ~0.33 (18)
(19)

W :Wq +£:>W :0.33+i:>W =1.23
7] 1.1

The waiting time is greater than the standard value, so we try again with 4 servers:
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. 20

4(L1)
2 2 (21)
q l+r P’ L _1+6 0498 L, =0.58x0.49= L, =0.2842
o 1-p 2(6)  1-0.498
W, =1L, 5w, =1 x0.2842=W, =0.1207 @)
A 2.19
(23)

W =W, +£:W =O.1297+L:W =1.03
u 11

The average spent time by a customer in the company is not less than waiting time, so
examine the problem with 5 servers:

) 24
m:5:>p:£:>p20.398<1 (24)
51.1)
2 2 25
L :1+r>< P 1L :1+6>< 0-398 =L,=058x0.26=L,=0.1508 =
“o2r 1-p ¢ 26) 1-0398 !
2
W, =%Lq =W, = 2119><O.1508:>Wq =0.0688 (26)
W =W, +£:>W =O.0688+1i1:>W =0.9778 27)
7 .

Since with increasing the number of service providers, the waiting time in line is reduced,
if we use 5 servers, Lq value will also decrease and therefore the W value reaches the standard
level, so the number of servers with this method is equal to 5.

4.2. Using Markov Systems

Here, we calculate the W value using Egs. (4)-(5). As there are different M/E, /m
systems in this study, we calculated the value of each system for different numbers of service

providers separately. The results are indicated in Tables 4-8.

_r+1 A

W
T or uu—-2) @8
1
w ZWq +; (29)

Due to extensive computations, only the results are indicated in Tables 4 to 8. Given that
the total value is greater than the specified standard value, we examine the average waiting
time for two service providers in Table 5. Since the obtained total value is again greater than
the standard value, we examine the waiting time with 3 service providers in Table 6.
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Considering that the average waiting time with three servers is higher than the standard time
(one day) required, therefore 3 servers is not enough, so the case with 4 servers is examined in
Table 7. Again, the waiting time exceeds the determined value, so we address reviewing five
servers in Table 8. The customer’s average waiting time in the system with 5 servers is less
than the determined value, so 5 servers are sufficient.

Table 4. Determining the W and W values per service provider.

Number Incoming samples ri 2 H Wq W

1 foots oil and furfural 3031214 0.052 0.52
2 Pitch 1015|300 0.00017 0.03
3 Paraffin, motor oil, base oil, gear oil, etc. 91119 0.73 1.985 3.35
4 Gasoline, Paint thinner, solvents, hydrocarbons, etc. | 6 | 0.35 | 1.20 0.197 1.03
5 Grease 6 | 0.08  1.03 0.047 1.018
6 Ethylene glycol 6| 011 | 1.58 0.027 0.66

Total 6.608

Table 5. Determining W and W values for two service providers.

Number Incoming samples ri A H Wq W

1 foots oil and furfural 31031 428 0.01188 0.24548
2 Pitch 1 0.15 | 60.00 | 0.000417 0.01708
3 Paraffin, motor oil, base oil, gear oil, etc. 9119 1.46 1.6775 2.36243
4 Gasoline, Paint thinner, solvents, hydrocarbons, etc. | 6 | 0.35 | 2.40 | 0.041238 0.82904
5 Grease 6 008 2.06 0.01137 0.49680
6 Ethylene glycol 6011 | 3.16 0.00662 0.32307

Total 4.2739

Table 6. Determining W and Wq values for three service providers.

Number Incoming samples r A H Wq W
1 foots oil and furfural 31031 6.42 0.00521 0.16097
2 Pitch 1| 0.15 | 90.00 | 0.0000185 0.01113
3 Paraffin, motor oil, base oil, gear oil, etc. 9119 219 0.29865 0.75527
4 Gasoline, Paint thinner, solvents, 6 035 | 3.60 0.01734 0.29511
hydrocarbons, etc.

5 Grease 6  0.08 | 3.09 0.00498 0.32860
6 Ethylene glycol 6 011 | 4.74 0.00290 0.21387

Total 1.76495

4.3. Using Non-Markov Systems

We calculate the W value using Egs. (6)-(8) for different amounts of m and whenever the W
value would be less than the standard value, the required number of servers is obtained.
Here, since the arrival of the samples follows a Poisson process, the variance is equal to:
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(30)

Var(s) :/1—12 =Var(s) = = Var(s)=0.2085

1
(2.19)°

Table 7. Determining W and W - values for four service providers.

Number Incoming samples r. A H Wq W

1 foots oil and furfural 3031 856 0.00289 0.11971
2 Pitch 1]0.15 | 120.0 | 0.0000104 | 0.00834
3 Paraffin, motor oil, base oil, gear oil, etc. 91119 | 292 0.12956 0.47202
4 Gasoline, Paint thinner, solvents, hydrocarbons, etc. | 6 | 0.35 | 4.80 0.00950 0.21783
5 Grease 6| 0.08 | 412 0.00279 0.24551
6 Ethylene glycol 6011 | 6.32 0.00162 0.15823

Total 1.22164

Table 8. Determining W and Wq values for five service providers.

Number Incoming samples r. A H Wq W

1 foots oil and furfural 31031 107 0.00278 0.09623
2 Pitch 1 0.15 | 150.0 | 0.0000067 | 0.00667
3 Paraffin, motor oil, base oil, gear oil, etc. 9119 3.65 0.07287 0.34684
4 Gasoline, Paint thinner, solvents, hydrocarbons, etc. | 6 | 0.35 | 6.00 0.00598 0.17264
5 Grease 6| 0.08 5.15 0.00177 0.19594
6 Ethylene glycol 6 011 7.90 0.00103 0.12761

Total 0.94593

For a single service provider (m =1) the values for L,, W, and W are equal to:

r:i:r:g:rzl.gg ey
P 11
L rm‘l[/fVar(s)+ r2] (32)
q J "
am-DY(m-rp| S
( ) ( ) |:ZJ—O j! (m_]_)!(mxr)
11 2 2 33
- 1.99"*[2.192 x 0.2085+1.99° L AT g (33)

111,99 1.99" } ©3.9204

2(1-1)(1-1.99) [Z

=l ’ (1-1)(1x1.99)

1

1 (34)
W, =| = |L, =W, =| == 1.13=Wq=0.5198
A 2.19

W =W, + 1 =W =0.5198+ 1—11:>W =1.4288 (35)

Y7 .

The obtained W value is higher than the standard time (one day), so we solve the problem
with two servers again:
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1.992[2.192 x 0.2085+1.99° | 9.87057 (36)

L, = P - =Ly = 5005 = Le = 1653361
2(2-1)(2 -1.99)° 21'9_9 PR '
<t (2-11(2x1.99)
1 1 (37)
W, =| = |L, =W, =| —— [1653361=>W, =0.46x1653361=>W, =760546
p) 2.19
(38)

W =W +£:W =7605.46+L:W =7606.36
“u 1.1

Again, the obtained W value is higher than the standard amount (one day), so we solve the
problem with three service providers:

3-1 2 2 37
L= 1.99 [2.12_1><O.2?85+1.99 ] 3 .y =1189;36;222453 L ~103970 (37)
2(3-1)(3-1.99)° 21'9_9 L '
~ ' (3-1)(3x1.99)
1 1 (38)
W, = > Ly =W, = = [103970=W, =0.47474
(39)

W =W, + 1 W 047474+ L W =1.38383
“ou 1.1

The average amount of time spent in the system (W) is higher than the specified time, so
we conclude that 3 servers would not be sufficient, so we check it with four servers.

4-1 2 2 40
L= 1.99 [2.1531x0.2?85+ 1.99°] 4 L 23792.0585833056: L 014341 (40)
2(4-1)(4-1.99)° 21'9_9 P, '
= jl (4-10(4x1.99)

1 1 (41)

W, =| = |L, =W, =[ == |0.14341=W, =0.065483

A 2.19

(42)

W =W, + 1 =W =0.065483+ ﬁ =W =0.974573
U .

The result obtained is less than the standard value, so 4 servers is sufficient. In this method,
because the system is considered as an approximate system, the value of 4 was obtained which
is close to the solution obtained by the other methods.

4.4. Using Simulation

According to the information and the overall simulation flowchart for the study, we examine
the given system with a simulation method which its results are presented in Table 9.
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Table 9. The results of obtained by system simulation.

Number of Arrival rate of Rate of serving the Average waiting time of customers
Servers customers in a day (1) customer in a day (p) in the system a day (W)
1 2.19 1.1 6.608
2 2.19 2.2 4.2739
3 2.19 3.3 1.76495
4 2.19 4.4 1.22164
5 2.19 5.5 0.94593

According to the overall simulation flowchart, the system is able to answer all of the
incoming samples with 5 servers in less than a day.

5. Conclusion

In this study, we sought to determine the number of servers for an engineering services
company active in the field of petroleum products to reduce its respond time of the incoming
samples to less than a day. We have four different ways to do this. In the first method, we
studied the system using the coefficient of productivity. According to the calculations, five
service providers were known sufficient. The second method uses a Markov system to check
the system. In this method, the number of 5 was also detected as the appropriate number of
servers. But the main challenge of this method is the extensive amount of calculations that
increases the chances of making mistakes in the calculation. In the third method, we examined
the system using a non-Markov system by which 4 servers is considered appropriate that is one
unit less than the actual value. The reason of this contradiction is the approximate nature of
non-Markov systems. If we study the system using this method for 5 servers, we will observe
that the results are very close to the other methods. In the last method, we examined the system
using simulation of queuing systems. In this method, the 5 servers are also recognized as
enough number of servers. It can be concluded that the system must operate with 5 servers so
that any of the samples sent to the company would not stay in the company for more than one
day. The results show that the presented methods are able to determine the number of personnel
so that the customers' waiting time does not exceed the specified standard level.

In this study, we examined a system in terms of the average waiting time that customers
spend in the queue. For a future study, one can examine queuing systems by changing one of
the assumptions. Researchers can also compare two different systems using each or a
combination of these four methods. Plus, one may examine a similar system with respect to
other financial considerations and obtain the results accordingly.
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